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Abstruct—Biol's theory is employed to study the reflection and refraction of plane harmonic waves at
the welded interface between two dissimilar saturated poroclastic media. A pore alignment par-
ameter is detined to classify the effects of connection between the interstices of the two media.

Effects of pore alignment on the amplitude ratios and energy ratios have been calculated
numerically, for a particular model. Amplitude and energy ratios do not change significantly as we
move from partial alignment to full alignment of pores. However, the effect on amplitudes and
energies is quite signiticant for the values of the pore alignment parameter approaching zero. For
extreme values of the pore alignment parameter, the amplitude and energy ratios huve been plotted
against the angle of incidence.

INTRODUCTION

Propagation of elastic waves in fluid-saturated porous media has been a subject of continued
interest duc to its importance in various ficlds, such as carthquake enginecring, sotl dynam-
ics, foundation engincering, seismology, geophysics and hydrology. Biot (1956i, b) for-
mulated the constitutive equations and cquations of motion for such solids. He dem-
onstrated the existence of two kinds of compressional waves along with one shear wave,
Deresiewicz and Rice (1962) studied the reflection of plane waves at the free plane boundary
of saturated poroclastic solids. The boundary conditions appropriate for the boundaries off
such solids have been discussed by Deresiewicz and Skalak (1963). Burridge and Vargas
{1979) justified the validity of constitutive cquations derived by Biot in the study of seismic
waves propagating in the carth. In recent years a number of problems regarding wave pro-
pagation at poroelustic solid interfuce have been studied, e.g. Hajra and Mukhopudhayay
(1982), Yew and Wang (1987), Sharma er «l. (19904, b). In all these studies, poroclastic
solids are assumed to be in contact with a liquid or an impervious elastic solid. Not much
work has been done for the wave progation at a porocelastic/poroelastic intertuce. At such
an interfuace, boundary conditions depend upon the connection between the interstices of
the two media in contact.

In the present study, reflection and refraction at the interface between two different
saturated poroelastic media has been discussed. Effects of connection between the interstices
of the two media on the amplitude and energy ratios have been exhibited for u particular
model.

FIELD EQUATIONS
Following Biot (1962). the differential equations governing the displacement « of solid
matrix and U of interstitial fluid in a homogeneous poroclastic solid, in the absence of
disstpation, are
UV (A4 p+2 M)y grad (V- i)+ 2 M grad (V- )
= 0 (pu+pei)/éet grad [aM(V i)+ M(V W)} = & (pui+mi) 0. (1)
The vector W, { = (U~ a)}. represents the flow of fluid relative to the solid measured per

unit area of the bulk medium, 4, g = Lamé’s constants for the solid, p, p, = mass densities
of the bulk material and fluid respectively, m = Biot’s parameter which depends upon
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porosity f and p;. and x and M are elastic constants related to coefficients of jacketed and
unjacketed compressibtlities.
The stress components in the solid. T,,. and fluid pressure p; are expressed as

T, =2ue,+{Gi+2"Me+aMZI5,. (ij=1.2.3)
pi= —M{ze+¢; (2)
where ¢ = divg, & = divirand
e, =, +u,. (3)
Following Sharma and Gogna (1991). the displacements it and w can be expressed as

it = grad ¢, +grad ¢, +curl ',
W=y, grad ¢, + 4 grad ¢, + 2, curl ¥, (4)

where

= (px—p+p) (pr=—m2). (j=1.2) (5)
The mass densities p, (f = 1,2, 3) are given by
p, = B+ (=1 J(B =44C)}2M. (j=1.2):p, = C/M. (6)
where
A=(G+20M, B=pM+mH=2paM. C=pm—p’, H=i+2u+a’M. (7)
Potentials ¢,, ¢, and ¥, satisfy the wave equations, i.e.
(VI+61)p, =0, (j=12);(V+H¥, =0, (8)
where
O =Q ), (j=1.23) )
Q is angular frequency and velocities of propagation, ¢, (f = 1, 2, 3), are given by
v) = (A+2w)/p,. (= 1205 =p/p,. (10)
The wave corresponding to ¢, is called fast P (or Py) wave; the wave corresponding to ¢,

is called slow P (or P,) wave and that corresponding to the vector potential ¥, is the only
shear wave.

FORMULATION OF THE PROBLEM

We consider two different homogeneous isotropic fluid-saturated porous solids in
welded contact along a planc interface. Rectangular Cartesian coordinate system (x, ), o)
is chosen with plane of interface as - = 0 and z-axis pointing into the medium M’ as shown
in Fig. |. The medium M through which incidence takes place occupies the region = < 0
and the region = > 0 is occupicd by the medium M’. Considering the two-dimensional
reflection—refraction problem, we shall restrict the plane wave solutions in the plane per-
pendicular to the interface.
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Fig. 1. Geometry of the problem.

BOUNDARY CONDITIONS

Following Deresicwicz and Skalak (1963), nonalignment of a portion of the pores can
produce an interfacial flow arca which is smaller than that in either medium adjacent to
the interface. If we define iy = min- (8. ") and &f8, (0 < ¢ < 1) as the interfacial flow area
in the interface element of unit area then ¢ is assumed as pore alignment parameter. ¢ = |
implics that pores of two media are completely connected at the interface and ¢ =0
corresponds to the casc when there ts no connection between the interstices of two media.
The effect of nonalignment of the portion of pores might be accomplished physically by
inserting a porous membrane between the two poroelustic media with fully aligned pores.
Flow through such an interface would result in a pressure drop across the interface. As the
pores in each of the individual poroelastic media are assumed to be interconnected, we
assume that even the alignment of a small portion of the pores would result in the large
reduction in the pressure drop, at the interface. Therefore, with the assumed consistency
between the pressure drop and normal component of filtration velocity, we choose to write
the continuity requirement, regarding the pressure drop, as

pi—pc = {(1 —e)e)w,.

Hence the boundary conditions appropriate for the interface between two different saturated
poroelastic media are
(l) T.": = T::v (“) T.".\' = T:\'v (“')/’?"l’r = {(1 —5)/5}“':‘
(iVu, =u,, (Vu,=u., Wi)w:=wn,, ()

(quantities with prime correspond to the medium M”).

REFLECTION AND REFRACTION

We consider only two-dimensional problems in the x-- plane. The incident wave is
assumed to originate in medium M and become incident at the interface - = 0, making an
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angle # with the z-axis. [t results in three reflected waves (P,. P, and S}°) in medium M
and three waves (P, P, and SH) transmitted to medium M. as shown in Fig. 1.
From eqns (8), displacement potentials for reflected waves are written as:

, = A exp o (xsinf —zcos ) —iQr} 1 {j=1.2,3). (12)
where ¢ = (—'P)), and arbitrary constants 4, 4., 4. denote the amplitudes of reflected
P, P and St waves respectively.

Simlarly the corresponding potentials for waves transmitted to medium M’ are written
as

¢, = Bexplio{(xsinf+zcos0)—iQe}. (j=1.2.3). (13)
with the corresponding quantities defined for the medium M.
Displacement potentials for the incident wave are as follows:

(1) tor incident Prwave
hyo= Adgexp Lo (xsinfly+zcosf)—iQu), py=0. ¢ =0, (14a)
(1) for incident £, wave
¢y =00 = dgexplio(vsinldy+zcos))—iul, H =0, (14b)
(1) tor inaident $1 wave
dyo=0, =0, o= Ayexp lid(xsinfy +zcosl,) -, (14¢)

Corresponding to the potentials given by (12)-(14), the bounduary conditions (11) are
satistied for all vatues of v it and only if

(1) dosinfh =9d,sinf, =9, sinl, (j=1273) (1S}
where 8, = o, (= 1,2, 3), as the incident wave is Py, P, and S respectively.

t O
W S a,Z, =h, (i=12..,6). (16)
s

where Zl = B‘/"i”. Z: = [3)33’,14”, Z\ = B\,ff{”, 24 = A””Aq), Zg = A:/An and Z,, = A\,’AU
represent the amplitude ratios for refracted Py, P, SV and reflected Pr, P, and SV waves
respectively.
The coethicients ¢, tn egns (16) are as follows:
ay =T ap =T u,=007sin20%, ay= =T, ays=—Ts as = pudisinll,,
oy = @SS s = O SIN20%, wyy = 057 cos 204,
ey = poisin 2y, dse = poisin20y. s, = pdicos20,.
av o= MU+ 000 an = M 080,
vy =00 avy = (1 =)0 icos 8, — M{x+11,)038,
tve = (1 =) cos 0, — M{x+p.)336, dav, = (1—£)Qd,x,sin 8,
ey =0 sinfy a, =disinly, agy = dicosdy,
dyy = — S sinlly, ags = —d.sinfls, ay, = 0yco88,,

dop =o0jcosl, ao, =03cosli. aqy = —3)sindy,
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asy =9,cos8,, ass=9d.cos8,, as, =0,sinb,,

Aoy = p107C0s 07, a,. = pidicosfi ag = —258;sinf],
dpg = §110,€08 8. ags = p:0:€080:, @ye = 2y0;5in b, (17)
where

T, = {2usin® 0, —(H+xMu)}o;. T, ={2u'sin" 0/ —(H +2M'u)}6°, (j=12).

(18)
The constant terms b, on the right side of eqns (16) are given by
(1) for incident P; wave
by = —ays. bBy=da.. by=M@+p)0ie+ (1 -0, 1, cos 6,
by = —ay. be=dsy. b, =a.: (19a)
(i) for incident P, wave
by = —aye. by=dy5. b= M{a+ )05+ (1 =08, 2 cos i,
b= —ass, by =us, by =ua,; (19b)
(111) for inctdent SV wave
by =dg by= —tyy, by=—dayy. by=ay. b= —ds. by= —ty,. (19)

We now consider the distribution of energy between different reflected and transmitted
waves at the surface element of unit arca. Following Achenbach (1973), the scalar product
of surface traction and particle velocity per unit area, denoted P*, represents the rate at
which the energy is communicated per unit arca of the surface. If the outer normal on the
surface clement is 7, we have

P‘ = T}'"lnlﬂ lkf (20)

where T, 1s stress tensor, n,, are direction cosines of unit normal 7 and #, arc components
of particle velocity.

The time average of P* over a period, denoted by (P* >, represents the average energy
transmission per unit surface area per unit time. For fluid-saturated porous medium, taking
into account the energy communicated to the fluid portion, we have the rate of energy
transmission at = = 0, given by

P* = T. 0w /dt+T., duJét+ (—pe)cw, /ot (21)

With the help of the expression (R( /) R(g)> = R( f-g). for any two complex functions
f and g, we obtain the energy ratios giving the rate of average energy transmission of all
the transmitted and reflected waves to that of incident wave. These energy ratios, E,
(i=1,2,....6), for refracted P;. P,. SV; reflected P, P, and SV waves respectively, are
expressed as

E; = (PP, (i=1.2,....6), (22
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where

Py = {2+ 20 + M (2 + 1) 1 Z,|* Real (cos 8;)/c}’

{P% = I).'-('-3#'+1‘«f’(1'+#}):}!23[: Real (cos 9});’1‘?

(PY = (w/ri)Z,] Real (cos 87)

(P = LA+ 2u+ M(x+p,) 11 Z,17 Real (cos 8,)/v]

(P = {A+2u+M(a+u,) HZ|* Real (cos 8.)/r]

(P = {ujr)|Z,]° Real(cos 8,) (23)
and

(1) for incident P; wave
(PEY = i+ 2u+M(a+ )’} cos Oy/] (24a)

(it) for incident P, wave
(P8 = {3+ 2u+ M(x+p,)"  cos Oy /r) {24b)

(i11) for incident SV wave
(P = (ufvi)cos . (24¢)

Generalisation

All the expressions involving m derived in the preceeding sections are applicable only
to non-dissipative poroelastic solids. Taking into account the viscosity of the interstitial
fluid, these expressions can be made applicable to a genceral saturated poroclastic solid by
replacing Biot's parameter ‘nt” by {(m—in/Qy). y is permeability and n denotes the viscosity
of the interstitial fluid. For higher frequencies, where the Poisecuille flow breaks down, a
correction factor i1s applicd to viscosity #, replacing it by nF. F is a complex function of
frequency Q and is evaluated following Biot (1956a).

NUMERICAL RESULTS AND DISCUSSION

Since a lurge number of parameters enter into the final expressions, in order to study
the dependence of amplitude and energy ratios on the angle of incidence of incident wave
as well as pore alignment parameter, we confine our numerical work to a particular model.
We may mentions here that the aim of this study is to discuss the effects of pore alignment
on the reflection and refraction. Therefore, for the sake of simplicity, poroelastic solid is
assumed to be a non-dissipative one.

Keeping in mind the availability of numerical data, we consider the model consisting
of water-saturated sandstone in welded contact with water-saturated limestone. Following
the experimental results given by Yew and Jogi (1976) and earlier data given by Fatt (1959),
we choose the following values of relevant parameters:

(1) for water-saturated sandstone (medium M)

i=03034x10""dynecm™3, p=217gcm™?,

u=0922x10"dynecm~?*, p;=1.00gcm™’,
M =0.887x10" dyneecm™*, m=3.73lgem ",

x = 0.3227, B = 0.268.
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(i1) for water-saturated limestone (medium M")

i =1444x10" dynecm™?, p' =224gem”’,

3

g =1209x10"dyneem~*, p;=1.00gcm?,
M =1591x10" dynecm™*, m’ = 6944gcm™?,
a = 0.262, B =0.144,

Corresponding to the above given values of parameters. the system of eqns (16) is
solved for Z, by Gauss elimination method using a computer program in FORTRAN-77.
For fixed values of € between 0 and [, the angle of incidence is considered to be varying
from normal incidence (8, = 0) to grazing incidence (6, = 90°). Amplitude ratios Z, are
found to depend upon the angle of incidence. The energy ratios are then calculated numeri-
cally using the relations (22)-(24).

(1) For incident P; wave

Amplitude and energy ratios for all the reflected waves decrease with the increase of ¢
except for the reflected P; wave, which shows a reverse behaviour as the angle of incidence
increases to nearly 50° (critical angle for refracted P, wave). Amplitude and energy ratios
increase with the increase of ¢ for refracted P; and refracted SV waves. However, for
refracted P, wave these ratios decrease with the increase of €. At grazing incidence ¢ has no
effect (cf. Figs 2-7).
(11) For incident P, wave

Amplitude and encrgy ratios decrease with the increase of & for all the reflected and
refracted waves except for the refracted P, wave, where these ratios increase. At grazing
incidence ¢ has no effect on amplitude and energy ratios (cf. Figs 8--13).
(11) For incident SV wave

Pore alignment has no clfect on reflection and transmission at the normal and grazing
incidence. Amplitude and energy ratios for refracted P wave decrease with the increase of
¢ except for amplitude showing the reverse behaviour as the angle of incidence increases to
nearly 40" (critical angle for reflected P wave). Increase of ¢ decreases the amplitude and
energy ratios for reflected and refracted P, waves. For refracted SV wave these ratios
increase with &, but for reflected SV wave decrease with the increase of ¢, up to angle of
incidence of incident wave smaller than nearly 67 (critical angle for refracted SV wave)
(cf. Figs 14-19).
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It is concluded that pore alignment has no ctfect at grazing inctdence for all the waves.
Also 1t does not affect the normal incidence of S1 waves. Itis observed that amplitude and
energy ratios change infinitesimally with the change in the value of &, except when ¢ is very
near to zero. [t shows that it does not matter whether the pores at the interface of two
media are fully connected or partially connected. It is in accordance with the change in
pressure drop for nonalignment of a portion of pores. [t can also be checked from equations
(16) that the value of & does not affect the entries «,, significantly, except when ¢ tends to
scro. Graphs plotted for the extreme values of ¢ show a considerable effect of connection
of pores at the interface on amplitude and energy ratios of reflected and retracted waves.

From the numerical results we see thatat = = 0 X" | £, = 1, for cach angle of incidence
of every incident wave. This implies that no energy is dissipated during transmission at the
mnterface.

It is hoped that this work may be useful in studies, both theoretical und observational,
of fault mechanism in the porous solids present in the carth. It may also be helpful in the
further studies of wave propagation at the porous/porous interface.
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